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Abstract 

In this paper, we investigate when there exists a wild hypersurface bundle over 
a smooth proper toric variety in positive characteristic. In particular, we determine 
the possibilities for toric varieties with Picard number at most three or toric Fano 
varieties of dimension at most four. Moreover, we can construct wild hypersurface 
bundles over them. 

1 Introduction 

A wild hypersurface bundle is a peculiar phenomenon in positive characteristic (see 
Definition IH.lj) . Only few examples of wild hypersurface bundles are known. Saito ^3] 
completely determined when a smooth Fano 3-folds with Picard number 2 has a wild conic 
bundle structre. As a generalization for this result, Mori-Saito PU] showed the following: 

Theorem 1.1 (Mori-Saito [10]) Let f : X ^ S be a wild hypersurface bundle of degree 
p, d = dim 5" and dim X = 2d — 1. If S is isomorphic to a direct product of projective 
spaces, then one of the following holds: 

(i) 5* ~ P*^ and X is a smooth divisor of bidegree (l,p) in P*^ x P*^. 

(ii) p = 2, 5" ~ (F^Y and X is a smooth divisor inY = Fs{Os © 0ti KC^pi (1)) such 
that X ~ 2^, where pi : S ^ is the i-th projection and ^ is the tautological line 
bundle ofY —>■ S. 

In this paper, we consider the case where 5* is a smooth proper toric d-fo\d. Using 
the technique in Mori-Saito JU] , we completely determine the possibilities for S when the 
Picard number of 5" is 2 or 3 (see Section E]), or is a toric Fano d-fold with d < 4 (see 
Section EI). Moreover, we can construct wild hypersurface bundles for these cases. 

The content of this paper is as follows: Section El is a section for preparation. We 
review the concepts of primitive collections and relations, and explicitly describe the fans 
for projective space bundles over toric varieties. In Section El we review the definition 
of wild hypersurface bundles. The combinatorial version of the key result in Mori-Saito 
[in] is given. In Section |3J we consider the case where the Picard number of S" is 2 or 3. 
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There exist two new classes which have wild hypersurface bundle structures. In Section 
El we consider the case where is a toric Fano variety. In particular, we determine the 
toric Fano rf-folds which have wild hypersurface bundle structures for d < 4. These Fano 
varieties are interesting from the viewpoint of the birational geometry. 

The author would like to thank Doctor Natsuo Saito for introducing the author to 
this problem and giving useful comments. The author also wishes to thank Professors 
Shihoko Ishii and Osamu Fujino for advice and encouragement. 

2 Preliminaries 

This section is devoted to explaining some basic facts of the toric geometry. See 
Batyrev [21, IS], Fulton [7^, Oda and Sato more precisely. 

Let = 5's be a smooth proper toric rf-fold associated to a fan S over an algebraically 
closed field. Let G(S) be the set of primitive generators of 1-dimensional cones in S. A 
subset P C G(S) is called a primitive collection if P does not generate a cone in S, while 
any proper subset of P generates a cone in E. We denote by PC(S) the set of primitive 
collections of S. For a primitive collection P = {xi, . . . , Xm}, there exists the unique cone 
cr(F) in S such that xi + ■ — h is contained in the relative interior of o"(F), since S is 
proper. So, we obtain an equality 

a^l H \-Xm = hiVi H h hnVn, 

where . . . , y„ are the generators of (t(P), that is, cr(P) fl G(S) = {^i, . . . , and 
bi, . . . ,bn are positive integers. We call this equality the primitive relation of P. Thus, 
we obtain an element r(P) in Ai{S) for any primitive collection P G PC(S), where Ai{S) 
is the group of 1-cycles on S modulo rational equivalences. We define the degree of P as 
degP := {-Ks ■ r{P)) = m - (ai + ■ ■ ■ + a„). 

Proposition 2.1 (Batyrev Reid [12| ) Let S = Sy. be a smooth projective toric 
variety. Then 

NE(5)= Yl %or(P), 
PePC(i;) 

where NE(S') is the Mori cone of S. 

A primitive collection P is said to be extremal if r{P) is contained in an extremal ray 
of NE(5'). For the torus invariant curve C contained in this extremal ray, we have 

where Nc/s is the normal bundle. 

Next, we explain how to construct the fan corresponding to a projective space bundle 
over a toric variety. 
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Let S = Ss he a. smooth proper toric rf-fold, S a fan in = Z*^, G(S) = {xi, . . . , xi} 
and Di, . . . ,Di the torus invariant prime divisors corresponding to Xi, . . . , x^, respectively. 
For torus invariant divisors 

/ / 

El = ^ Ci^iDi, . . . , Er = ^ Cr^iDi, 
i=l i=l 

put 

E = O ® Os{Ei) ® ■ ■ ■ ® Os{Er). 

We construct the fan S in := © Z*" corresponding to the P^-bundle Ps(i?) over S. 
Let {ei, . . . , Cr} be the standard basis for 17 . The elements of G(S) are 

2/1 := ei, . . . , 2/r := e,., := -(ci H h e.^), 

r r 

Xi := Xi + ^ Cj^iCi, . . . , Xi := + ^ Cj^zCi. 

For a maximal cone a = M>oXij + - ■ ■+]R>oXj^ in S, put a := M>oXj^ + - • ■+M>oXjj C A^©]R. 
Put Ti := M>oyi + ■ ■ ■ + M>o?A-i + M>o?/i+i + ■ ■ ■ + M>o2/r+i C iV © M for 1 < i < r + L 
The set of maximal cones in S is 

{a + Tj I cr is a maximal cone in S, 1 < z < r + 1} . 

The tautological line bundle ^ for fs{E) — > S" is (9p^(s)(Fr+i), where F^+i is the torus 
invariant prime divisor corresponding to Ur+i- 



3 Wild hypersurface bundles 

In this section, we review the definition of a wild hypersurface bundle structure and 
some results in Mori-Saito IIQ]. From now on, we work over an algebraically closed field 
k of characteristic p > 0. 

Definition 3.1 (Mori-Saito [10]) Let X and S be smooth algebraic varieties over fc, 
and f : X ^ S a, projective flat morphism with M a relatively very ample divisor such 
that X is embedded in vr : ¥s{E) —>■ S, where E = f^M. We call / a wild hypersurface 
bundle of degree p if for any s G S*, the geometric fiber f~^{s) is defined in Fs{E) by 
x^ = for some non-zero x E Eg. 

Let ^ be the tautological line bundle of ¥s{E). Then, there exists a Cartier divisor L 
on 5* such that X ~ + 7r*L in Pic fs{,E). Let d = dim S. If dim X = 2d-l, then there 
exists an exact sequence 

O^Os^ EP^L^Ts^O, (1) 

where T5 is the tangent bundle of S (see Theorem 1 in Mori-Saito JO]). Thanks to this 
exact sequence, we can study wild hypersurface bundle structures easily. So, in this paper, 
we add the assumption dim X = 2(i — 1 to the definition of a wild hypersurface bundle of 
degree p. We will use these notation throughout this paper. 

The following is a slight generalization of Proposition 5 in Mori-Saito ^U]. The proof 
is similar. 
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Proposition 3.2 Let f : X ^ S be a wild hypersurface bundle of degree p and C a 
normal rational curve on S such that 

2 

i=—oo 

Then, the following hold. 

(i) // the restriction of the exact sequence (1) on C is non-split, then for any ai > 0, 
i — 1 is divisible by p. 

(ii) // the restriction of the exact sequence (1) on C is split, then p = 2 and for any 
Qi > 0, i is an even number. 

Remark 3.3 In Proposition \'A.2\ 

EP®L®Oc^ [0 © C*®"" © Cc;(l)®^"'+^^ © Cc(2)®^"'"^^ 

\i=—oo / 

for the case (i), while 

®L®Oc^iQ Oc7(^)®"M © 0®("«+') © Oc(l)®"^ © Oc{2)®^' 

\i= — oo / 

for the case (ii). 

We apply this result for the case where S* is a toric variety. 

Corollary 3.4 Let S = Sy, be a smooth proper toric d-fold and f : X S a wild 
hypersurface bundle of degree p. For an extremal primitive relation 

H \-Xm = biyi H h bnVn, 

where {xi, . . . , Xm,yi, ■ ■ ■ ,yn} C G(S) and are positive integers, one of the 

following holds. 

(i) m + n = d + 1 and 6^ + 1 is divisible by p for any i. 

(ii) p = 2, m = 2 and bi is an even number for any i. 

Proof. This can be proven by Proposition EIH immediately. For the case (i), Nc/s does 
not contained Oc, som + n = d+ l. The left part is similar. q.e.d. 

Remark 3.5 For the case (i) in Corollary 13. 4| let (p : S S he the associated extremal 
contraction. If 5" 9^ P'', then ip is birational and the image of the exceptional set of (/? is a 
point. 
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4 Toric varieties with Picard number 2 or 3 



In this section, we treat the case where iS is a smooth proper toric d-fold with Picard 
number 2 or 3. We construct some examples of wild hypersurface bundles using the notion 
of homogeneous coordinate rings of toric varieties (see Cox 0). 

(I) The Picard number of S is two. 

Proposition 4.1 Let S be a smooth proper toric d-fold with Picard number 2. // there 
exists a wild hypersurface bundle f : X ^ S , then p = 2 and S is isomorphic to either 
pi X pi or 

Ppd-i(Cpd-i © Opd-i{2a - 1)), 

where a is a positive integer. 

Proof. There exists a wild hypersurface bundle of degree 2 over x (see Mori-Saito 
[10]). So, suppose S xF\ 

S" is a P™-bundle over P" by the classification of proper toric varieties with Picard 
number 2 (see Kleinschmidt jH]). On the other hand, m = 1 by the case (ii) in Proposition 
13.21 Thus, p = 2 and S ~ Ppd-i(Cpd-i ©Opd-i(a)) for a non-negative integer a. Since the 
normal bundle Nc^/s of the torus invariant curve Ci contained in another extremal ray is 

Oc.(-«)©0c,(l)®^'-'\ 
a is an odd number by the case (i) in Proposition 13.21 q.e.d. 

Next, we construct a wild hypersurface bundle of degree 2 for the above case. So, let 
S := Ppti-i((9pd-i ©(9pd-i(2a — 1)) for a positive integer a and E the associated fan. Then, 
the primitive relations of S are 

(a) Xi + ■ ■ ■ + Xd = {2a — l)xd+i and (b) Xd+i + Xd+2 = 0, 

where G(S) = {xi, . . . , Xd+2}- Let Di, . . . , Dd+2 be the torus invariant prime divisors cor- 
responding to xi, . . . , Xd+2i respectively. We may assume that {xi, . . . , Xd-i^Xd+i} is the 
standard basis for A^. By considering the divisors of the rational functions corresponding 
to xi, . . . , Xd-i, Xd+i, we have Di = ■ ■ ■ = Dd and Dd+2 = (2a — l)Di + Dd+i in Pic S. Let 
C\ and 6*2 be the torus invariant curves corresponding to the extremal primitive relations 
(a) and (b), respectively. Then, {Di ■ Ci) = 1, {Dd+i ■ Ci) = -(2a - 1), (Di ■ Cs) = and 
{Dd+i ■ C2) = 1. Put 

E = Of® Os{{a - + Dd+i) and L = Os{D^). 

Then, we can easily check that E and L satisfy the conditions 

E^®L®Oc, = Oci(-l) © Oc,(l)®'' and E^®L®Oc, = Og © OcM- 

In fact, we can construct a wild hypersurface bundle for these E and L as follows. 
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Let S be the fan corresponding toY = Fs{E). We use the same notation as in Section 
El The primitive relations of S are Xd+i + Xd+2 = Hi, Vi + ■ ■ ■ + Vd+i = and 

x^ + ... + Xd = i ^'^"'^ ^^^'^ + Z/2 + ■ ■ ■ + Vd+i if a = 1 

[ (2a — l)xd + (a — 2)yi otherwise, 

where G(S) = {xi, . . . , Xd+2, Vi, ■ ■ ■ , Vd+i}- Let -Di, . . . , Dd+2, Fi, . . . , Fd+i be the torus 
invariant prime divisors corresponding to xi, . . . , Xd+2^ Hi, ■ ■ ■ , Vd+i, respectively. Then, 
we have^Di = ■ ■ ■ = Da, Dd+2 = (2a - l)Dd + Dd+i, F2 = ■ ■ ■ = Fd+i and Fd+i = 
(a — l)Di + Dd+i + Fi in PicF. Since the tautological line bundle ^ for tt : Y S is 
OriFr+i), we have X ~ 2^ + 7r*L = 2Fd+i + Di = Dd+i + Dd+2 + 2Fi. Thus, for example, 
the smooth hypersurface X in y defined by the equation 

Xd+iXd+2Yi + X1Y2 + ■ ■ ■ + XdY^^j^^ = 

is a wild hypersurface bundle of degree 2 over S, where Xi, . . . , Xd+2, Yi, . . . , Yd+i are the 
homogeneours coordinates of Y corresponding to Di, . . . , Dd+2, Fi, . . . , Fd+i, respectively. 
We can easily check the smoothness of X, so we leave the details for the exercise. 

(II) The Picard number of 5" is three. 

In this case, we suppose d> 3. 

Batyrev [2] classified smooth projective toric (i-folds with Picard number 3 using the 
notion of primitive relations. 

Theorem 4.2 (Batyrev ^) Let S = Sj] be a smooth projective toric d-fold with Picard 
number three. Then, one of the following holds. 

(i) #PC(S) = 3, and for any distinct elements Pi, P2 G PC(S), we have PiH P2 = 0. 

(ii) #PC(S) = 5, and there exists {po,Pi,P2,P3,P4) G (^>o)^ such that po + pi + p2 + 
Pz + Pi = d + ?) and the primitive relations of S are 

Vi^ h t^po + ?/l ^ypi= C2Z2 H h Cp.,Zp^ + {bi + l)ti H h (&P3 + l)tp3, 

?/i H K + ^1 H V Zp^=Ul^ h Mp4, Zl^ V Zp^ + tl^ ^ tpg = o, 

^1 H h tp3 + Ml H h Mp4 = 2/1 H h 2/pi and 

Ui H h 'Up4 + ^^i H H ^^po = C2Z2 H h Cp22:p2 + biti H h ^patpg, 

w/iere 

G(S) = {I'l, . . . , fpQ, 1/1, ... , ?/pj , Zl, . . . , 2p2, fl, . . . , tp3, Ml, ■ ■ ■ , Mp^} 

anc? C2, . . . , Cp2, 61, . . . , 6p3 are positive integers. 
For positive integers a and 6, let S'^(a, 6) be the fan whose primitive relations are 

xi H h Xrf.i = (2a - l)xd + (2& - l)xrf+2, a;^ + x^+i = and Xd+2 + a^d+s = 0, 

where Q(jy^{a, b)) = {xi, . . . , Xd+3} and W^i^a, b) the associated toric rf-fold with Picard 
number 3. The following Proposition holds. 
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Proposition 4.3 Let S be a smooth proper toric d-fold with Picard number 3. // there 
exists a wild hypersurface bundle f : X ^ S , then p = 2 and S is isomorphic to either 
X pi X pi or W^ia^b). 

Proof. There exists a wild hypersurface bundle of degree 2 over P^ x P^ x P^ (see 
Mori-Saito HHI). So, suppose S xF^ xF\ 

Suppose 4^PC{T,) = 5, that is, the case (ii) in Theorem 14. 2[ We use the same notation 
as in Theorem 14. 2[ First, we remark that the first, second and fourth primitive relations 
are extremal. By Corollary EiH we have Po+Pi+P2 — ^+P3 = P1+P2+P4 = P3+P4+P1 = 
d + 1. This is impossible. 

So, we have 41^PC{T) = 3. There exists a primitive relation Xd+2 + Xd+3 = by 
Corollarv 13.41 since S is projective. In particular, p = 2. Suppose that the types of the 
other extremal rays corresponding to the primitive relations Pi and P2 are small. Then, 
a(Pi) n P2 7^ 0, cr{Pi) n Xd+3} ^ 0, ^(^"2) n Pi and ^(Pa) n {xd+2, Xd+3} ^ 0- 

This is impossible, because S must be a P^-bundle over a toric {d — l)-fold with Picard 
number 2. Thus, we have the primitive relation Xd + Xd+i = 0. It is obvious that the last 
primitive relation is xi + ■ ■ ■ + Xd-i = axd + Pxd+2- Moreover, by Corollarv 13. 4[ a and /3 
are odd numbers. q.e.d. 

Let 5* = W^la, b) and Di, . . . , Dd+3 be the torus invariant prime divisors corresponding 
to xi, . . . , Xd+3, respectively. Put 

E ~ Of""-'^ © Os{{a - l)Di + Dd+i) © Os{{b - l)Di + Dd+i) and L ^ Os{Di). 

We can construct a wild hypersurface bundle for these E and L similarly as in the case 

Let S be the fan corresponding to y = Fs{E). The primitive relations of S are 

Xd + Xd+i = yi, Xd+2 + Xd+3 = ?/2, Z/i H h yd+i = and 

xi H h Xd-i = (2a - l)xd + {2b - l)xd+2 + (a - l)yi + {b - 1)2/2 + 2/3 H h yd+i 

if a = 1 or 6 = 1, otherwise 

xi + --- + Xd-i = (2a - l)xd + (26 - 1)^^+2 + (a - 2)?/i + (6 - 2)?/2, 

where G(E) = {xi, . . . , Xd+3, Vi, ■ ■ ■ , Vd+i}- Let -Di, . . . , Dd+3, Fi, . . . , Fd+i be the torus 
invariant prime divisors corresponding to xi, . . . , Xd+3, yi, . . . , yd+i, respectively. Then, 
we have = ■ ■ ■ = Dd+i =j2a - l)Di + Dd, Dd+3 = {2b - + Dd+2, 

P3 = ■ ■ ■ = Fd+i and Fd+i = {a - 1)0^ + Dd + F^ = {b - l)Di + Dd+2 + F^ in Pic Y. 
Since the tautological line bundle ^ for tt : y ^ 5" is Oy(Pr-+i), we have X ^ 2^ + tc*L = 
2Fd+i + Di = Dd + Dd+i + 2Fi = Dd+2 + Dd+3 + 2P2- Thus, for example, the smooth 
hypersurface X in y defined by the equation 

XdXd+iY^ + Xd+2Xd+3Y2 + XiY^ + ■ ■ ■ + Xd-iYj_^^ = 

is a wild hypersurface bundle of degree 2 over 5", where Xi^ . . . , Xd+3, ^i, ■ ■ ■ , Yd+i are the 
homogeneours coordinates of Y corresponding to Di, . . . , Dd+3, Fi, . . . , Fd+i, respectively. 
We can easily check the smoothness of X, so we leave the details for the exercise. 
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5 Toric Fano varieties 



In this section, we consider the case where S" is a toric Fano rf-fold. A Fano variety is a 
Gorenstein projective variety S whose anti-canonical divisor —Ks is ample. We can easily 
check whether a given smooth projective toric variety is Fano or not using the notion of 
primitive collections and relations. 

Proposition 5.1 (Batyrev [3J, Sato [14]) Let S = S-£ be a smooth projective toric 
variety. S is a Fano variety if and only if deg P > for any primitive collection P G 
PC(E). 

Smooth toric Fano d- folds are classified for (i < 4 (see Batyrev [3], Oda [TT], Sato 
[Hj and Watanabe-Watanabe ^B,)- So, we determine the possibihties for these classified 
toric Fano varieties and construct wild hypersurface bundles over them. 

The following Proposition is easy. 

Proposition 5.2 Let f : X S be a wild hypersurface bundle over a toric Fano d-fold 
S = Sy, and d > 3. If there exists an extremal divisorial contraction tp : S —>■ S , then 

S ^ Ppd-i(Opd-i © Opd-i{2a - 1)) 

for a positive integer a. 

Proof. By Corollary 13.41 the image of the exceptional divisor of is a point. So, 
there exist exactly two cases by Bonavero's classification (see Bonavero 0): (a) The 
Picard number of S is two, or (b) The Picard number of 5* is three and jj^PCiTi) = 5. 
However, the case (b) does not occur by Proposition 14.31 Thus, we complete the proof by 
Proposition 14.11 q.e.d. 

Corollary 5.3 Let f : X ^ S be a wild hypersurface bundle over a toric Fano d-fold 
S = Ss and d > 3. Then, one of the following holds: 

(i) S-¥'^. 

(ii) S ~ {Fy. 

(iii) S ~ Fpd-i{Opd-i © Opd-i{2a — 1)) for a positive integer a. 

(iv) Every extremal contraction of S is either a F^-bundle structure or a small contrac- 
tion, and there exists at least one small contraction. 

Proof. See Mori-Saito [TOj for the cases (i) and (ii), and see the case (I) in Section HI 
for the case (iii). So, suppose S is not one of them. For the case (i) in Corollarv \3.4\ we 
have n > 2 by Proposition 15.21 For the case (ii) in Corollary 13. 4[ we have n = and the 
associated extremal contraction is a P^-bundle structure, since is a Fano variety, q.e.d. 

(I) dimS = 2. 



8 



There exist exactly five toric del Pezzo surfaces 

X F\ Ppi (Cpi © Opi(l)) , ^6 and ^7, 

where Sq and 5*7 are the del Pezzo surfaces of degree 6 and 7, respectively. For any toric 
del Pezzo surface S, there exists a wild hypersurface bundle over S. In fact, for Sq and 
Sr, we can construct wild hypersurface bundles similarly as in Section EJ We omit the 
precise calculation for these constructions, and use the same notation as in Section El 

Example 5.4 Let S = Sj]he the del Pezzo surface S7 of degree 7. The primitive relations 
are xi + X2 = X3, xi + X5 = 0, X2 + X4 = x^, X3 + X4 = and X3 + x^ = X2- We have p = 2. 
Put 

E = Os® Os{D^) © Os{D,) and L = OsiD^). 

The primitive relations of S are Xi + 5;2 = 5^3 + 1/2 + ^s, Xi + x^ = y2, X2 + X4 = x^ + yi + y^, 
X3 + X4 = yi, X3 + X5 = X2 + yi + y2 and yi + y2 + y3 = 0. The hypersurface X inY = Fsi^E) 
defined by the equation 

XsX^Y^ + XiX.Yi + X2Yi = 
is a wild hypersurface bundle of degree 2 over S. 

Example 5.5 Let S = Sj^he the del Pezzo surface 5*6 of degree 6. The primitive relations 

are Xi + x^ = 0, X3 + X4 = 0, X2 + Xq = 0, X3 + Xg = Xi, X3 + X5 = X2, Xi + X2 = X3, 
X5 + Xe = X4, X2 + X4 = X5 and Xi + X4 = xg. We have p = 2. Put 

E = Os® Os{D^ - Dq) © Os{-D2 + 1^4) and L = Os{D2 + ^3). 

The primitive relations of S are X1+X5 = yi, X3+X4 = y2, X2+Xq = y^, X3+X6 = xi+|/2+?/3, 
X3 + X5 = X2 + 2/i + y2, X1 + X2 = xs + yi + ys, xg + xg = X4 + 2/1 + 2/3, X2 + X4 = X5 + 2/2 + 2/3, 
xi + X4 = Xg + j/i + y2 and ?/i + 2/2 + ?/3 = 0. The hypersurface X in y = fs{,E) defined 
by the equation 

X1X5Y1 + XSX4Y2 + X2XqY^ = 
is a wild hypersurface bundle of degree 2 over S. 

(II) dimS = 3. 

There does not exist a small contraction from any smooth toric Fano 3-fold. Therefore, 
if there exists a wild hypersurface bundle over S, then S is isomorphic to one of the 
following by Corollary 15.31 

P^ P^ X P^ X P^ and Pp2 (Op2 © Op2(l)) . 

(III) dim5 = 4. 

There exists a wild hypersurface bundle over S, if S is isomorphic to one of the 
following: 

P^ P^ X P^ X P^ X F\ Pp3 (Ops © C»p3(l)) and Pp3 (Ops © Op3(3)) . 

So, suppose S is not one of them, that is, the case (iv) in Corollarv 15.31 By the classifi- 
cation of smooth toric Fano 4-folds, there exist exactly four possibilities: 
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(i) 



(ii) 5" is the toric Fano 4- fold of type Mi (see Batyrev [3] and Sato [E]), 

(iii) S is the 4-dimensional pseudo del Pezzo variety V"^ (see Ewald [Hj) and 

(iv) S is the 4-dimensional del Pezzo variety (see Klyachko-Voskresenskij (Hj). 

The first case is studied in Section |31 and we can construct wild hypersurface bundles 
for the other cases similarly as in Section 0] We omit the precise calculation for these 
constructions, and use the same notation as in Section El 

Example 5.6 Let S = Sy. he the toric Fano 4-fold of type Mi. The primitive relations 

are xi + = 0, + X5 = 0, xq + = 0, xi + X2 + x^ = X4 + xq, X4^ + xq + xs = X2 + X3, 
X2 + X3 + X5 = Xq + xq and X2 + x^ + x^ = X4 + xg. We have p = 2. Put 

E = Os®Os® OsiDs) © OsiD^) © OsiD^) and L = Os{D;). 

The primitive relations of S are Ji + Xg = yi, X4 + X5 = ^2, + = ^3, Xi + 5;2 + 2:3 = 

X4 + X6-F?;i + 2/4 + ?/5, ^4 + ^6 + ^8 = ^2 +^3 + ?/l + ?/2 +1/3, X2 + X3 + X5 = + Xg + 2/2 + 2/4 + 1/5, 

5^2 + 5^3 + 5^7 = ^4 + 5^8 + 2/3 + 2/4 + 2/5 and 2/1 + 2/2 + 2/3 + 2/4 + 2/5 = 0. The hypersurface X 
in y = Ws{E) defined by the equation 

XiXgFi^ + X^X^Y^ + X^XjY^ + X2F4' + X^Yi = 

is a wild hypersurface bundle of degree 2 over S. 

Example 5.7 Let S = Sy. he the 4-dimensional pseudo del Pezzo variety V"^. The 
primitive relations are ^4 + ^9 = 0, Xi + X5 = 0, X2 + Xg = 0, X3 + X7 = 0, Xi + X2 + Xg = 

X7 + Xg, Xi + X3 + Xg = Xe + Xg, X2 + X3 + Xg = X5 + Xg, Xi + X2 + X3 = X4 + Xg, 
X4 + X5 + Xg = X2 + X3, X4-FX6 + Xg = X1+X3, X4 + X7 + Xg = X1+X2, X5 + Xg + Xg = X3 + Xg, 

x^ + xj + x^ = X2 + Xg and xe + X7 + xg = xi + xg. We have p = 2. Put 

E = Os® Os{Di) © Os{D2) © Os{D^) © Os{D^) and L = OsiDs). 
The primitive relations of S are X4 + xg = ?/4, Xi + X5 = yi, X2 + Xe = 2/2, X3 + X7 = 2/3, 

Xi + X2 + Xg = X7 + Xg + ?/i + J/2 + 2/4, Xi + X3 + Xg = Xe + Xg + ?/i + 2/3 ?/4, X2 + X3 + Xg = 
X5 + Xg + ?/2 + ?/3 + 2/4,^1 + X2 + X3 = X4 + Xg + 2/1 4-^2 + ^3, X4 + X5 + Xg = X2 + X3 + y 1 + ?/4 + 2/5 , 

X4 + xe + X8 = xi + X3 + y2 + yj + y5j Xi + X7 + xg = xi + X2 + 2/3 + 2/4 + 2/5,^5 + xg + xg = 

X3 + Xg + ?/i + ?/2 + 2/5, X5 + X7 + Xg = X2 + Xg + J/i + 2/3 2/5, X6 + X7-t-Xg = Xi Xg ?/2 + 2/3 + 2/5 

and 2/1 + 2/2 + 2/3 + 2/4 + 2/5 = 0. The hypersurface X in y = Fs{E) defined by the equation 

XiXsYi' + ^2X6^2' + ^3X7^3' + Xa9Y^ + XsY,^ = 
is a wild hypersurface bundle of degree 2 over S. 
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Example 5.8 Let -S" = be the 4-dimensional del Pezzo variety V'^. The primitive 
relations are X4 + xw — 0, xi + — 0, X2 + xq — 0, X3 + xj — 0, xs + xq — 0, 

a;i + X2 + xio = xj+xs, X1+X3 + X10 = xq + xs, X2 + X3 + X10 = x^ + xs, X1 + X2+X3 = X4 + xs, 

Xi + Xg + Xio = Xq+Xt, X2+XQ + X10 = Xs+Xy, X^+Xg + XiQ = X^j+Xq, X1+X2+XQ = X4 + X7, 
Xi + Xs + Xg = X4 + Xe, X2 + X3 + Xg = 2:4 + 2:5, X4 + X5 + Xe = X^ + Xg, X4 + X5 + X7 = X2 + Xg, 

X4+Xe + X7 = Xi+xg, X5 + X6 + X7 — a;9 + Xio, X4 + X5+XS = X2+X3, X4+Xe + xs — X1+X3, 
X4+X7+XS = X1+X2, X5+X6+X8 = xs+xio, X5+X7+XS = X2+X10 and xe+xy+xs = xi+xio. 
We have p — 2. Put 

E^Os® Os{Di - Dg) © Os{D2 - Dg) © Os{D3 - Dg) © 05(1^10 - 1^9) and 

L^Os{Ds + Dg). 

The primitive relations of S are X4 + xiq — 1/4, xi + X5 = yi, X2 + xq = y2, x^ + xj — y^, 

Xg + Xg =J/5, Xi+ X2 + Xio = X7 + Xg + J/i +2/2 + ?/4, ^1 + ^ + ^10 = ^6 + ^8 + yi + y3 + 2/4, 
X2 + X3 + Xio = X5 + Xg + 2/2 + 2/3 + 2/4, Xi + X2 + X3 = X4 + Xg + 2/l + 2/2 + 2/3, ^1+^9 + ^10 = 
X6 + X7 + 2/1 + 2/4 + 2/5, X2 + X9 + X10 = ^5 + ^^7 + 2/2 + 2/4 + 2/5, X3 + X9 + X10 = ^5 + ^6 + 2/3 + 2/4 + 2/5, 
^1 + ^2 + ^9 = ^4 + ^7 + 2/1 + 2/2 + 2/5, ^1 + ^3 + ^9 = ^4 + ^6 + 2/1 + 2/3 + 2/5, ^2 + X3 + Xg = 
^4 + ^5 + 2/2 + 1/3 + 2/5- Xi + ^5+^6 = ^^3 + Xg + 2/1 + ?/2 + 2/4- X4 + X5 + X7 = X2 + Xg + 2/1 + 2/3 + 2/4, 
X4 +^6 + ^7 = ^1 + + 2^ + ^/3 + 2/4, ^5^ Xg + X7 = Xg + -^10^ 2/lJ- 1/2 + 2/3^^4 + ^5 + ^8 = 
^2+^3 + 2/1 + 2/4 + 2/5, ^4 + ^6 + ^8 = ^1 + ^3 + 2/2 + 2/4 + 2/5, X4 + X7 + X8 = Xi + X2 + 2/3 + 2/4 + 2/5, 
X5 + X6 + Xg = X3 + Xio + 2/1 + 2/2 + 2/5, X5 + X7 + Xg = X2 + Xio + 2/1 + 2/3 + 2/5, X6 + X7 + Xg = 

^1 + Xio + 2/2 + 2/3 + 2/5 and 2/1 + 2/2 + 2/3 + 2/4 + 2/5 = 0. The hypersurface X in y = ^s{E) 
defined by the equation 

XlXsFi' + X2XeYi + X3X7y3' + X4Xioy4' + ^8^9^' = 

is a wild hypersurface bundle of degree 2 over 5*. 
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